Abstract. The electronic structure of lens-shaped InGaAs self-assembled quantum dots (SADs) is studied as a function of the dot size, the confining potential and the magnetic field. Numerical calculations show the formation of the electronic shell structure to be well approximated by a Fock-Darwin energy spectrum. Many-body effects in electronic and optical properties of SADs charged with electrons and/or excitons are investigated using exact diagonalization techniques. The capacitance, infrared and interband absorption/emission spectra are calculated as a function of the number of particles, the size and the magnetic field.
Introduction
Self-assembled dots (SAD) [1] are small quasi-twodimensional semiconductor structures. Their shape and hence their electronic properties depend on growth conditions. Dots in the shape of pyramids [2, 3] , disks [4] and lenses [1, [5] [6] [7] have been reported, although the actual determination of the shape is not definite. The SAD described here are the lens-shaped structures spontaneously formed on a narrow InGaAs wetting layer (WL) and surrounded by the GaAs barriers [1, [5] [6] [7] . We study the dependence of energy levels of SAD on size, depth of confining potential and the magnetic field in the effective mass approximation. In our SAD both electrons and valence band holes are confined and interband magnetooptics is a useful tool in relating structural parameters to the photoluminescence (PL) and absorption spectra [6, 7] . For many applications, the SAD must be charged with either many electrons or many excitons.
We investigate the effects of electron-electron and electronhole interactions on electronic and optical properties of SAD containing many electrons and/or excitons [2, [7] [8] [9] using exact diagonalization techniques. The single-electron capacitance (SECS), far-infrared (FIR) and PL/absorption spectra are calculated as a function of the number of particles, the size and the magnetic field. Results are compared with SECS and FIR experiments by Drexler et al [5] and PL experiments by Raymond et al [7] .
Single-particle states
A schematic picture of a lens-shaped In 0.5 Ga 0.5 As SAD formed on a wetting layer (WL) of thickness t w , and † Permanent address: Institute of Physics, Technical University of Wroc law, 50-370 Wroc law, Poland. modelled as a part of a sphere with fixed height h and radius at the base s is shown in figure 1 . SAD with different sizes are characterized by a constant ratio h/s [6, 7] . The carriers, confined to a narrow WL quantum well, are further localized in the area of the dot due to the effectively increased thickness of the layer. The parameters of WL and SAD material enter through the effective Rydberg constant Ry * = m e e 4 /2 2h2 and the effective Bohr radius a * B = h 2 /m e e 2 , with m e and being the electron effective mass and the dielectric constant respectively. These parameters include all effects due to strain, discontinuities in the effective mass, dielectric constants, etc. The effects of strain are approximated by calculating a uniform hydrostatic-pressure shift and a uniaxial stress-induced valence-band splitting. Assuming a conduction-band offset of 67%, the resulting electron confining potential is V 0 = 350 meV, the effective mass of strained In 0.5 Ga 0. 5 As m e = 0.067 and the dielectric constant = 12.5.
Two approximate methods of solving the threedimensional (3D) Schrödinger equation were used [10] : (a) full 3D numerical diagonalization for SAD embedded in a large infinite-wall disk and (b) an adiabatic approximation.
In the physically intuitive adiabatic approximation, the 3D problem is reduced to an effective two-dimensional (2D) problem since the electron's wavefunction is strongly confined in the narrow quantum well of the WL. With coordinates r in the plane and z perpendicular to the WL, the wavefunction is written as ψ(r, θ, z) = 1 √ 2π e imθ g r (z)f m (r). Here g r (z) is a slowly varying function of r in a confining potential V e (r, z). In each angular momentum channel m the wavefunctions g and f m satisfy a set of equations: 
We first find the energy E 0 (r) corresponding to the motion in the z direction at the distance r from the centre of the dot, shown as the effective 2D potential in figure 1 . The radial motion in the effective potential E 0 (r) is next solved exactly for each angular momentum channel for both bound and scattered states.
In figure 2 we show the dependence of the energy spectra of bound states on the radius of the dot s, with a fixed ratio h/s = 0.24 and V 0 = 350 meV. As the size of the dot exceeds s ≈ 80Å, bound states with significant binding energy become visible. The states tend to bunch into groups, forming well separated shells. The number of bound states and the spacing of energy levels compare well with [5, 7] . The spacing of energy levels and the wavefunctions are very well fitted by Fock-Darwin (FD) energy levels, as discussed below.
The ). The Zeeman energy is very small and can be neglected. The eigenstates are doubly degenerate due to spin σ . The valence band holes are treated in the effective mass approximation as a positively charged particle with angular momentum R h mn = n − m, opposite to the electron, and
) (ignoring the semiconductor gap E G ). For special values of the magnetic field B p such that + = p − , the energy spectrum of electrons (holes) E mn = − (n + pm + 1) is degenerate for n + pm = t, with t labelling electron (hole) shells and g t the degeneracy of each shell. Level crossing takes place for intermediate magnetic fields. For B = 0, the degenerate shells can be labelled as s, p, d, . . .. In a strong magnetic field, degeneracies are removed and electron (hole) energies E(m) increase linearly with angular momentum R = m.
Many-particle states
With a composite index j = [m, n, σ ] describing the FD states, the Hamiltonian of the interacting electron (electronhole) system may be written in a compact form:
The operators c [11, 12] .
The eigenstates |ν of the electron (electron-hole) system with N electrons (excitons) are expanded in products of the electron and hole configurations |ν = ( 
Capacitance and infrared spectroscopy
Drexler et al [5] reported SECS and FIR absorption measurements of charged self-assembled In x Ga 1−x As/ GaAs SAD in a magnetic field. The dots were charged with electrons filling the s and p electronic shells and infrared (IR) spectroscopy was used to study the electronic excitations of the dots as a function of the number of electrons and the magnetic field.
SECS measures the chemical potential µ(N) of the dot [13, 14] . The chemical potential µ(N) = GSE(N ) − GSE(N − 1) is the difference in the ground-state energy (GSE) of the dot due to the addition of a single electron. In figure 3(a) we show the calculated SECS spectra corresponding to charging of the p shell of SAD with increasing magnetic field.
For N < 4 electrons the large quantization of kinetic energy prevents 'magic state' transitions [13] and the ground state (GS) is simply equivalent to the minimum kinetic energy configuration. The effects of electronelectron interactions and the magnetic field begin to play a role for N = 4 electrons, i.e. two electrons in a partially filled p shell. For low magnetic fields the two 'core electrons' of the s shell are frozen in a spin singlet state while the two electrons on the p shell occupy degenerate FD orbitals |01 and |10 . The GS is a spin triplet, zero total angular momentum state R = 0, S = 1. The triplet state lowers its energy by an exchange-interaction term 01; 10|V ee |01; 10 while the spin singlet state R = 0, S = 0 always increases its energy by the same amount. With increasing magnetic field the triplet state R = 0, S = 1 begins to compete with a finite angular momentum spin singlet state R = 2, S = 0. In the R = 2 state both p electrons occupy the lower energy orbital |10 . At B ≈ 2.8 T the gain in exchange energy of the triplet configuration R = 0, S = 1 is overtaken by an increase of kinetic energy and the system makes a transition into a spin-singlet lower kinetic energy configuration. The transition is marked in figure 3 with an arrow. Contrary to the expectation for noninteracting electrons, the addition energy for a triplet increases with increasing magnetic field up to B = 2.8 T. For N = 5, 6 the changes of slope at higher magnetic fields are due to the crossing of FD levels |0, 1 and |2, 0 . The splitting of SECS spectra of p states by the magnetic field has been observed in [5] but the consequences of electron-electron interactions discussed here had not yet been observed.
The excited states of SAD also reflect the electronic structure and the number of electrons in the dot. For a parabolic confinement only the CM excitations with frequencies + and − (generalized Kohn's theorem) [15, 18] can be measured in the FIR. In SAD, a finite number of confined FD levels leads to additional transitions in the IR spectrum related to the magnetic-field-induced changes in the GS.
The FIR absorption for N electrons can be conveniently expressed in terms of the FD ladder operators a and b [12, 17] :
where |i is the initial (ground) state and the summation is over all bound final states |f . IR radiation connects only the states with the same S tot z and total angular momenta different by ±1. We have shown in figure 3(b) the magnetic field evolutions of the IR spectra calculated for the SAD with N = 4 electrons. The area of each circle is proportional to the intensity A(ω). The solid lines show the transition energies ± of the noninteracting system and a vertical line marks the transition in the GS. The GS single-particle configurations before and after the transition at B = 2.8 T, together with low-energy (≈ − ) and highenergy (≈ + ) excitations, are indicated in the inset. The FIR spectrum reflects the transition in the GS of the dot in terms of an additional transition. In experiment, the energy + ≈ ω c will probably be visible due to excitations to scattered states in Landau levels in the WL.
Many excitons in highly excited quantum dots
We now turn to the effects of exciton-exciton interaction on optical properties of a highly excited SAD [7] . This SAD has 15 bound states (shells s-g) and can be filled with up to 30 electrons and holes.
The calculations for up to N = 6 electron-hole pairs were carried out exactly and a combination of numerical diagonalization in a partially filled shell and the HartreeFock approximation extended calculations up to N = 20 excitons. Due to the large confinement, the lowest kinetic energy configurations are an excellent approximation in the case of filled shells. When electrons and holes partially fill up a degenerate shell, the states and energies are completely determined by their mutual interactions and exact numerical calculations are necessary.
In figure 4 we show an example of the effect of population of electrons and holes on the absorption (addition) spectrum. The dotted line follows the chemical potential (addition spectrum) of excitons. The singleexciton spectrum consists of peaks shifted from transitions in the noninteracting system by electron-hole interactions. The two-exciton spectrum is richer and shows the bi-exciton binding of ≈ 5 meV.
When excitons are added into the p shell, the energy to add excitons is almost constant. The same is true for d and f shells as indicated by the chemical potential. The actual positions of the p, d, f shells are, however, shifted from corresponding peaks in the noninteracting and single-exciton spectrum. The shift is equivalent to bandgap renormalization in quantum dots. The remarkable steps in the addition spectrum of excitons indicate that excitons form a weakly interacting gas of bi-excitons and excitons.
For most quantum dots where electrons and holes are confined in the same physical area, the electron and hole interactions are very symmetrical. For example, in the sample calculated here v ee /v eh = v eh /v hh = 1.04. For almost symmetrical interactions, when the Hamiltonian is restricted to a single degenerate shell t, the commutator of the Hamiltonian and the interband polarization operator
jj |v eh |kk is an approximate exciton binding energy. The quantum number j (−t ≤ j ≤ t) denotes the angular momentum on a given shell. This commutation relation is a manifestation of hidden symmetry [16] . One can construct coherent N exciton states (P + ) N |v as eigenstates of P 2 . Due to hidden symmetry these states are also eigenstates of the shell Hamiltonian with energies E(N σ ) = N σ E t X . The energy of these states is just the sum of energies of noninteracting excitons. The coherent states turn out to be excellent approximations to exact GSs with corresponding overlaps of 100% for shells s and p, and 99.8% and 99.2% for shells d and f. For realistic calculations including shellshell scattering we find that excitons form a gas of weakly interacting bi-excitons and excitons and the steps in the addition spectrum survive, as shown in figure 4.
Conclusions
To summarize, the calculated single-particle states of lensshaped SAD can be well approximated by FD levels. This simplification allowed us to carry out calculations of many-body effects in SAD charged with electrons and with excitons. The calculated addition SECS and FIR spectra in a magnetic field reflect both the singleparticle energy levels and the effects of electron-electron interactions. The addition spectrum of excitons shows plateaus reflecting (a) the shell structure of single-particle energy levels, (b) hidden many-particle symmetries and (c) bandgap renormalization.
